The problem of modified magnetohydrodynamic thermohaline convection of G. Veronis' type (J. Mar. Res. 23 (1965) 144 (1989), 356366) for the magnetohydrodynamic thermal convection. Only the overstable case is treated and the expressions for the critical Rayleigh number and the frequency of oscillations are derived. Further, sufficient conditions for the validity of overstability and the principle of exchange of stabilities (PES), respectively, are obtained and the region for arresting the complex growth rate of an arbitrary oscillatory perturbation, neutral or unstable, is given. Results for the corresponding modified problems of Benard convection, magnetohydrodynamic Benard convection, generalized Bknard convection, magnetohydrodynamic generalized Benard convection, and thermohaline convection foffow as a consequence. 0 1991 Academrc Press, IIIC.
INTRoDUCTT~N
The problem of thermohaline convection, aside from its many applications in the fields of oceanography, astrophysics, chemical engineering, etc., has recently received considerable attention due to its interesting complexities as a double-diffusive phenomenon. Banerjee et al. [3] presented a modified analysis of thermal/thermohaline instability of a liquid layer heated underside (Benard convection). They ensured that the linear theoretical explanation of the phenomenon of gravity-dominated thermal instability in a liquid layer heated underside depends not only upon the Rayleigh number, which is proportional to the uniform temperature difference maintained across the layer, but also upon another parameter that takes care of the fact that a relatively hotter layer with its heat diffusivity apparently increased/decreased as a consequence of an actual decrease/ increase (depending upon the fluid) in its specific heat at constant volume must exhibit BCnard convection at a higher/lower temperature difference across the layer and hence at a higher/lower Rayleigh number than a cooler layer under almost identical conditions otherwise. Further, this qualitative effect is not quantitatively insignificant. Detailed consequences are worked out for the onset of thermohaline instability in a liquid layer heated underside. In a subsequent paper Banerjee et al. [4] carried out similar investigations in the framework of rotation. Katoch [S] examined the problem in the presence of a uniform vertical magnetic field. However, as in Banerjee er al. [6] , it can be shown that Katoch's solution for the vertical velocity in the overstable case like that of Chandrasekhar's solution for the simple magnetohydrodynamic BCnard problem with free and perfectly conducting boundaries is not correct and as a consequence the results derived by him cannot be relied upon. The present paper presents a modified analysis of the problem of magnetohydrodynamic thermohaline convection of Veronis' [ 1 ] type and derives a correct solution of the problem in the overstable case which takes care of the fact that a valid solution for the vertical veloctiy must be such that its fourth order derivative does not vanish on one of the boundaries at least. Further, sufficient conditions for the validity of overstability and the PES, respectively, are obtained and the region for arresting the complex growth rate of an arbitrary oscillatory perturbation, neutral or unstable, is given. Results for the corresponding modified problems of BCnard convection, magnetohydrodynamic Btnard convection, generalized BCnard convection, magnetohydrodynamic generalized Btnard convection, and thermohaline convection follow as a consequence.
MODIFIED SIMPLIFIED EQUATIONS FOR MAGNETOHYDRODYNAMIC THERMAL/THERMOHALINE CONVECTION
Following Banerjee et al. [3] , the modified simplified equations governing Btnard convection (S = 0 = dp'), generalized Benard convection (rO = 0), and thermohaline convection of Veronis' type under the effect of a uniform vertical magnetic field are given by
and p = po[ 1 + a( T, -T) -oi(S, -S)], (7) where z = 1, 2, 3, x,'s, u,'s, H,'s, and X,'s are respectively the Cartesian coordinates x, y, z, velocity components U, u, W, magnetic field components H, , H,, H,, and external force components 0, 0, -g; t is the time, p is the pressure; dp and dp' are respectively the variations in the density due to temperature and concentration; pO, vO, K,,, zO, and q0 are respectively the values of the density, viscosity, thermal diffusivity, mass diffusivity, and magnetic diffusivity at the lower boundary; a2 and 6, are respectively the coeffkients of specific heat variation due to temperature and concentration variations; tl and rz' are respectively the coefficients of volume expansion due to temperature and concentration; T is the temperature; and S is the concentration.
MODIFIED ANALYSIS OF MAGNETOHYDRODYNAMIC B~NARD CONVECTION/GENERALIZED BI~NARD CONVECTION AND THERMOHALINE CONVECTION
Following the usual steps of linear stability theory the system of equations ( 1 )-( 7) yields the following nondimensional perturbation equations:
and D2-a2-pa, > h = -Dw. 
In the above equations z is the vertical coordinate, z = -4 and z = + 4 represent the two boundaries, D = d/dz, w is the vertical velocity, 8 is the temperature, 4 is the concentration, h, is the vertical magnetic field, a2 is the square of the wave number, 0 is the thermal Prandtl number, R, ( >O) is the Rayleigh number, R, ( >O) is the concentration Rayleigh.number, R3 is the ratio of concentration gradient to temperature gradient, Q is the Chandrasekhar number, p=pr+ zp, is the complex growth rate, r is the ratio of mass diffusivity to heat diffusivity, and 0, is the magnetic Prandtl number.
It is important to note here that the system of equations and boundary conditions as given by Eqs. 
MATHEMATICAL ANALYSIS
Systems of equations (8~ ( 11) together with either of the boundary conditions (12)-( 19) constitute an eigenvalue problem for p for given values of the other parameters and a given state of the system is stable, neutral, or unstable according to whether pI, the real part of p, is negative, zero, or positive. Further, if pr = 0 implies p, = 0 for all wave numbers u2, then the principle of exchange of stabilities (PES) is valid; otherwise we have overstability at least when instability sets in as certain modes. Equations (9) and (11) 
hZ=O.
(24)
It now follows from Eq. (8) that fpso.
(25)
Equations (20), (23k(25) imply that p cannot be zero. This completes the proof of the theorem.
Theorem 1 implies that PES is not valid for the generalized magnetohydrodynamic Benard convection when considered in the present generalized framework and this establishes the result due to Banerjee et al. [7] on a more firm basis. 
R (D2-a*)* w=R,a*(j-A 2 R a4+QD2w. 
Equation (32) 
gives
Equation (31) together with inequality (35) implies that
Inequality (36) obviously cannot hold under the condition of the theorem. Hence p, # 0. This completes the proof of the theorem.
Theorem 2 shows that for the problem under consideration, a sufficient condition for the validity of overstability is that R, < Qlr'/( 1 + (oi, R3 -a2) To) or equivalently a necessary condition for instability to set in as stationary convection is that R, > Qrr*/(l + (B,R, -a2) To). This result is valid for quite general boundary conditions. In particular, it follows that for the magnetohydrodynamic simple Benard convection a necessary condition for instability to set in as stationary convection is that R, > rr2Q for ail finite values of Q, a result predicted by Chandrasekhar [9] . However, the result that the critical Rayleigh number R,, + rc2Q as Q -+ co, which constitutes Chandrasekhar's famous z2Q-law and which was also predicted by him for quite general boundary conditions, cannot be derived from the present analysis and thus remains an open problem that is yet to be resolved. (12) in an appropriate manner, we derive the following equation and boundary conditions in terms of w alone:
w=O=D2w=Llw=L2w=Lgw at z= -i and z= +f,
where
R,a2z{(l-T,a,)+B)-R,a*- The evenness of the operator L occurring in Eq. (51) and the identity of the boundary conditions that have to be satisfied at z = f f as given by Eqs. (52) imply that the proper solution of Eq. (51) falls into two noncombining groups of even and odd solutions. Further, it follows from Eq. (10) that proper solutions for w and 4 must either be both even or both odd while Eq. (11) implies that proper solutions for w and h, must neither be both even nor both odd. From these considerations and the considerations of the corresponding hydrodynamic problem with dynamically free and thermally insulating boundaries it follows that the proper solutions for w, 8, and 4 must be odd while that for h, must be even. Therefore, if dr and d2 are constants then the function h, -dl cos 3nz -d, cos 5nz is even and since it is required to vanish at z = f i, we can expand it in a Fourier cosine series in the form 
Since a, and fi, are non-zero numbers for every permissible value of n except n = 2 and n = 1, respectively, while yn does not vanish for any permissible value of n, it follows uniquely from Eq. (71) that the lowest characteristic value of R, and the associated value of p, are given by s,=o.
Further, since Eq. (72) is valid for all values of n, it follows that it is the unique solution that provides the lowest characteristic value of R and the associated value of p, as given by the characteristic equation (71). With w as given by Eq. (63), 8 and 4 can be determined in accordance with Eqs. (9) and (10) Equation (83) shows that Eq. (8) is satisfied. This completes the proof of the theorem. 
and Cl = -$7~' + a2)3 { Q7c' + (n' + a')'} -R2a2(n2 + a2)2
Proof. Putting p = opt, pl #O in Eq. (48), separating the real and imaginary parts of the equation so obtained, and substituting for R,a* from the first of the resulting equations in the second equation, we get the result.
This completes the proof of the theorem.
Theorem 5 shows that overstable solutions do exist when both the bounding surfaces are dynamically free and provides us with the exact calculations for the critical Rayleigh number and the frequency of oscillations of the overstable motions at the marginal state with respect to them. It is important to note in this connection that in Banerjee's generalized BCnard model [ 111 under magnetid effects [7] , it is only the overstable motions that manifest at the marginal state while in the simple Benard model under magnetic effects, or in Veronis' thermohaline model under magnetic effects, the possibility of both, the stationary as well as the overstable motions exist at the marginal state. However, Veronis' work gives ample support to the proposition that overstable motions at the marginal state are the most likely ones. It is on the basis of the above works of Banerjee and Veronis which are carried out for the case when both the bounding surfaces are dynamically free that we have taken p, # 0 and pr= 0 in Theorem 5 although solutions with p, =0 when pr = 0 also exist as they exist in the simple Btnard model under magnetic effects. 
Equation (92) This completes the proof of the theorem.
Theorem 6 shows that PES is valid for the problem under consideration when both the bounding surfaces are dynamically free, electrically perfectly conducting, thermal, and concentration-wise non-conducting and t( 1 -T,cr,) > 1, (TV < CJ ( 1 -T,a,) , and oi2 = 0. Further, it provides a natural extension of the sufficient conditions for the validity of PES (i) in Veronis' thermohaline configuration (i.e., r > 1) and (ii) Thompson-Chandrasekhar's criterion (i.e., CJ, < a) for the simple magnetohydrodynamic BCnard convection to the present modified framework. 
which is contrary to the given hypothesis of the theorem. Hence, under the conditions of the theorem, we must have p,=o.
The essential content of Theorem 7 is similar to that of Theorem 6. However, it provides us with an alternative sufficient condition for the validity of PES when the conditions of Theorem 6 are violated. Equations (10) and (11) when multiplied by their complex conjugates and integrated over the range of z yield upon utilizing pr>O and any of the boundary conditions on 4 and h, as given in Eqs. (12)-( 19) the following inequalities: (97) and j/y,, ((DZ-a2)h,12dz<~1'2 (Dw12 dz, 
It follows from inequality (101) that Jp12 < max(R,cr, Q',').
Theorem 8 shows that the complex growth rate p (=p,+ tp,) of an arbitrary oscillatory (p, # 0) perturbation, neutral (p, = 0) or unstable (pr > 0), lies within a semi-circle with center at the origin and (radius)2 = max(R,o, Q202) in the right half of the p,p,-plane. Further, this result is valid for quite general boundary conditions.
Remarks. (1) Results for the various problems cited in Section 3 could be obtained from the present analysis by equating to zero the relevant parameters.
(2) Results analogous to those contained in Theorems 1-8 could also be derived for the modified hydromagnetic thermohaline convection of Stern's [ 121 type, namely the eigenvalue problem (8)-( 19) with R, < 0 and R, < 0, by following the method of analysis adopted in the derivation of these theorems.
